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Spectral Properties of Burgers and KPZ Turbulence
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This paper presents the higher-order spectral densities of non-Gaussian random fields
arising as scaling limits in the Burgers and KPZ turbulence problems with strongly
dependent non-Gaussian initial conditions.
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1. INTRODUCTION

The Burgers equation provides an important model of hydrodynamical turbulence.
It has been used to describe a variety of nonlinear phenomena in wave propagation,
acoustics and plasma physics (see, for example,(16:17:31:33:39)) The books(?3-26:34.60)
contain an extensive bibliography of the subject and an exposition of some key
results of the theory of Burgers turbulence.

The Burgers equation with random initial conditions has been exten-
sively studied.(131518,19.24.29.35,37.46,51.53,560) Gaussian and non-Gaussian scenar-
ios for parabolically rescaled solutions of the Burgers equation under weakly
dependent or strongly dependent random initial conditions have been studied
in.(1,15.18.24.35.40-43) Thege scenarios are in some sense subordinated to the Gaus-
sian white noise measure. Further related problems have also been investigated,
these include asymptotic distributions of averages of solutions of the Burgers
equation with random data,(!'2%3) statistics of shocks and related topics,>®
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hyperbolic asymptotics,*® large deviation principle and statistics of shock
waves, (13.14,53)

A related equation which plays an important role in describing the evolution
of the profile of a growing interface is the Kardar-Parisi-Zhang (KPZ) equation
(see!10:31:69)  The basic form of the KPZ equation for interface elevation is
obtained from the heat equation via a log transform (see Sec. 3), while the
gradient of this elevation follows the Burgers equation® p. 10. A construction
of the KPZ equation via an approach involving chemical potential was detailed
in.®?) The KPZ equation with long-range interactions was investigated in,(3%:33:48)
while the KPZ equation under the additional possibility that surface transport
may be effected via a hopping mechanism of a Lévy flight was studied in.*¥

Gurbatov et al.?? studied the decay of the random solutions of the unforced
Burgers equation in one dimension in the limit of vanishing viscosity. In particular,
they investigated the case when the initial viscosity is homogeneous and Gaussian
with a spectral density proportional to (in our notation) |A|“ at small |A|, where
—1 <k < 2. At large times, they obtained three scaling regions of singularity
of the solutions. On the other hand, Gurbatov®® studied the distributional non-
Gaussian properties of the unforced multidimensional Burgers and KPZ equations
in the limit of vanishing viscosity. It should be noted that vanishing viscosity
corresponds to hyperbolically rescaled solutions of the equations.

In this paper, we will be concerned with parabolically rescaled solutions of
Burgers and KPZ equations. These parabolically rescaled solutions are in fact ap-
proximations to the hyperbolically rescaled solutions. We present the second-
and higher-order spectral densities of homogeneous (in space) random fields
arising as rescaled solutions of the Burgers and KPZ equations with singular
non-Gaussian initial conditions. This work is a continuation of those by Leonenko
and Woyczynski,37=3% in which the second-order spectral densities were studied
for the Burgers turbulence problem with non-Gaussian singular data, and Anh,
Leonenko and Sakhno,® in which second- and higher-order spectral densities
were given for fractional random fields arising as rescaled solutions of the heat
and fractional heat equations with singular random data (for further details on
these equations, see>™¥).

In a sense, non-Gaussian scenarios are more realistic models of zero viscosity
than Gaussian scenarios. Furthermore, to provide a full description of singularity,
we have to consider higher-order spectral densities and their singular properties
(see Sec. 2 for Burgers turbulence and Sec. 3 for KPZ turbulence). But even for
the second order, our results for the spectral density in one dimension can be
compared with the results of.*”) Indeed the singular property of the energy spec-
trum of the initial condition (2.9) is transformed by the Burgers equation into the
singular property (2.13), which for » = 1,/ = k = 1 and up to a constant reads
|)L|’<e‘2"”\2, k =2a + 1,0 < a < 1/2. This result is exactly the same as formula
(122) of.?”) However, we can see from (2.13) that these singular properties depend
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on the dimension #, and the results change dramatically starting from dimension
n > 3. In our opinion, both non-Gaussian scenarios in parabolically rescaled
Burgers and KPZ equations and singular properties of higher-order spectral den-
sities provide a description of Burgers and KPZ turbulence complementary to
that of®>-27) via vanishing viscosity together with a power-law investigation of the
solutions.

The closed-form expressions of higher-order spectral densities in turn will
play an essential role in the statistical estimation of these random fields. In fact,
in the presence of possible long-range dependence, non-Gaussianity and non-
linearity inherent in the formulated models, particularly in a situation where useful
information is contained in higher orders rather than the second order, an estima-
tion theory using information in higher-order spectral densities is more viable.
Some components of such a theory are provided in’— based on the minimum
contrast principle.

2. NON-GAUSSIAN SCENARIOS IN BURGERS TURBULENCE AND
THEIR SPECTRA

Consider the n-dimensional Burgers equation

3
8—1’ o, VU= pAu, p>0, 2.1)

subject to the random initial conditions in potential form:

u(0,x) = Vn(x), x € R", (2.2)

where A denotes the n-dimensional Laplacian and V the gradient operator in R”.
Equation (2.1) describes the time evolution of the velocity field

u(t,x) = (u1(t, x), ..., uu(t, x)), (¢, x) € (0,00) x R*,n > 1.

We will assume that the initial velocity potential 7(x) is a scalar random field of
the form described in Condition A below.

Equation (2.1) is a parabolic equation with quadratic, inertial nonlinearity,
which can be viewed as a simplified version of the Navier-Stokes equation with
the pressure term V p omitted, and with the viscosity coefficient i corresponding
to the inverse of the Reynolds number (see®", p. 152). With random initial data,
the problem (2.1)—(2.2) is also known as the Burgers turbulence problem.

Via the Cole-Hopf transformation

u(t,x) = —-2uVlogh(t, x), (2.3)
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the Burgers problem (2.1)—(2.2) is reduced to the parabolic-type equation

ah
m =uAh,t>0,x eR" 2.4)
subject to the initial condition
h(0, x) = ho(x) = exp {—@} (2.5)
2
(see e.g.203),

The fundamental solution to (2.4) is of the form

P

4= G |

},t>0,xeR”. (2.6)

Thus, the field

xX—=y _M
Jon TR, x — y)e” 2 dy
Jgo At x — y)e_%)dy

solves the initial-value problem (2.1)—(2.3).

We now introduce the following condition concerning the initial velocity
potential.

A. The initial velocity potential n(x) is a random field of the form

u(t,x) = 2.7)

nx)=£E*x)—1,x e R",

where the random field £(x) is a real measurable homogeneous and isotropic
Gaussian field with E£€(x) = 0, E£%(x) = 1 and covariance function of the form

B(x) = x[I”*L(lIx[}), 0 < & < n, as x — o0, (2.8)

where the function L(¢), ¢ > 0, is slowly varying at infinity and is bounded on

each bounded interval. Furthermore, the spectral density f(A), A € R”, of the

field £(x) exists, is decreasing for ||A]| > Ao > 0 and continuous for all A # 0.
Noting that the random field £(x) of Condition A can be represented as

() = [ TR,

where W(-)is a Gaussian white noise, and from the Tauberian theorem for Hankel
type transform (see, for instance,*¥ Theorem 1.1.4), we obtain that the spectral
density f()) satisfies

1
SARD ~ AL (W) c(n,a), 0 <a <n, |l —0, 29
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where c¢(n, o) is the Tauberian constant

c(n,a) = ﬂ (2.10)
' 2021 (@ /2) '
The result (2.9) means that the initial condition under consideration displays
a singular property; in fact, the random field &(x) will then have long-range
dependence.

We will study the spectral properties of the limit distributions of the rescaled
solutions, namely, with parabolic scaling, of the Burgers equation (2.1) with initial
data (2.2) satisfying Condition A. These parabolic scaling limits of the solution
can be described in terms of their multiple stochastic integral representation as
stated in the following theorem (see433:4),

Theorem 1. Letu(t, x), (¢, x) € (0, 00) x R”, be a solution of the initial value
problem (2.1)—(2.2) with the random initial condition n(x) = £2(x) — 1 satisfying
Condition A and a € (0,n/2). Then the finite-dimensional distributions of the
random fields
e—(140)/2
Ze(t,x) = ————=u (t/e, , (t, x)e(0, R",0 2,
(0 = Jo s (e ¥/VE) s (10 € 0,09 x RY,0 <a </

converge weakly, as ¢ —> 0, to the finite-dimensional distributions of the vec-
tor field Z,(t, x), (¢, x) € (0, 00) x R", homogeneous in x, with the following
multiple stochastic integral representation:

/ ei(x»MJr)»z)*MtH)»Hr)»zllz()\l +12)

R (I Il Azl =72

Zi(t, x) = C(ye(n, @) W(d) W (dhs),

(2.11)
(t, x) € (0,00) x R", 0 < a < n/2, where the constant c(n, ) is given by (2.10),
u?i

C(n) = ,
(w) T+

2.12)

and the double stochastic integral [ "... is evaluated with respect to the Gaussian
complex white noise measure W (-) in R" with the diagonal hyperplanes Ay = £,
being excluded from the domain of the integration.

We now describe the second-order and higher-order spectral densities of the
non-Gaussian vector random field Z;(¢, x) representing the limit of the paraboli-
cally rescaled solution of the problem (2.1)—(2.2). Note that different non-Gaussian
scenarios are also given in,(2440:42.43)

Let us recall firstly the definition of the cumulant spectra of order k£ > 2 of
a vector-valued strictly stationary mean-zero continuous-parameter random field
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Z(x) ={Z(x),..., Zy(x)}, x € R". We will suppose that the moments of all
orders of Z;(x), j = 1,2, ..., p exist and define

k k
C[l m[,{(X], e ,)Ck) = l_km logEeXp iZu(,-Z;j.(xj)
=1 ur=...=u=0
=cum {le(xl), ey Z,k(xk)} .
X, xp €R" 1<, <p,i=1,...,k, k> 2 Inviewofthe strict stationarity

of the field Z(x), this cumulant function satisfies

e (X, oo xk) = ¢ (X0 — Xk, o, X1 — Xz, 0).

The cumulant spectra of order & for the field Z(x) are defined as complex-valued
integrable functions

SOty ooy oy € Ly(REDm)

such that

e (X — Xy ooy Xpmt — X5, 0) = /

RU—1n

k=1
exp iZ(Aj,xj — Xp)
j=1

X froa s o A—dAy o d g,

provided that such functions exist.

In the following, we will need to consider the symmetrized version of a
function of £ — 1 variables f(Ay, ..., Ax—1), where symmetrization is taken over &
variables A1, ..., A such that Z’;zl Aj = 0. This symmetrized version is defined
as

1
Sym f()\.l,...,)»k_l) = E Z f()\.”(l), "'7)\'71(1(—1))9

(Ao Ak oA Ao+ =0} " mePy

where Py is the set of all k! permutations 7 = (7w (1), ..., w(k))oftheset {1, ..., k}
and the variables Aq, ..., A satisfy the restriction lezl A =0.

The second-order and higher-order spectra of the non-Gaussian random field
Z(t, x) are presented in the next theorem.

Theorem 2. The random field Z,(t,x) = (Z\"(t,x), ..., Z\"(t,x)), (¢, x) €
(0, 00) x R", defined by the representation (2.11) with fixed t > 0 is strictly
stationary in x. Its moments of all orders exist and the corresponding cumulant
spectra can be expressed as follows.
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(a) The spectral densities of second order are given by

4.2
wes(n, o) _ wn
Jue(h) = —(1 o k(a)e 2MII?~H2||)L||2 ADL®)
Lk=1,....,n,a=00 ... 2" eR", (2.13)

(b) The spectral densities of order k > 3 are given by
pri
(14w

X sym {hia, s e}
{1, TE 2 =0}

k
Jhog Ay oo, Ajm1) = < > c*(n,0)2"(k — 1)

l<li<ni=1...k k=" . ") eRrR" (2.14)
where

k—1 k—1
hiyg, Ot - A1) = exp {—m (Z 124112 + 1] sz)}
i=1 i=1

k—1

! [} Ii_ I
AR g (Z AE”) g Ot ).

i=1

Here we have denoted

k(o) = n"/? {

re |'rg-o
r (n;a)} F(Ol) ’ (215)
d

gk()"lﬂ"‘v)\'k—l :f —.
B (A IA + Al a4+ S )

(2.16)

From Theorem 2 one can see that the limiting random field Z; (¢, x) of the
rescaled solutions to (2.1)—(2.2) has singular properties. Let us now look at these
properties in more details.

From the formula (2.13), the singular properties of the second-order spectral
densities can be deduced, namely, the matrix of the second-order spectral densities
satisfies

forn=1,2,
H}}lﬂ_l)ofr {fie M1 h=1,..n = 03 2.17)
for n > 3,
0, 2—-1l<a<?,
2utc(n, @) )1 > 2 2
lim [ ———k(x tr MY =11, a=2-1,
AII»O( (1 + p)? @) {fix M} s=1....n 2
00,0 <a<j—1,
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and we can also conclude that, for each element of the matrix of the second-order
spectral densities { fix (A)}; s—;... , , the same behavior at the origin holds.

,,,,

Remark 1. The assertion that all the moments of the random field Z; (¢, x)
=2V x) ..., 2"t x), (1, x) € (0,00) x R", are finite follows from
the general theory of multiple stochastic integrals. We also note the following
inequalities due to McKean® and Nualart, Ustunel and Zakai*) respectively:

i r 2 2 i r
Bz a ol < () B a0

and
E|Z0¢, )| < = 1Y [E(Z"¢, )]

(and, evidently, analogous inequalities can be obtained for the mixed moments).

Properties of the spectral densities of order k£ > 3 of the random field Z; (¢, x)
can be deduced from their representation (2.14) where the singular integrals (2.16)
are involved. Consider, for example, the case & = 3. Using the Riesz composition
formula (see Appendix A), we have for the function g3 (11, A2):

20, 3) = / 1A+ A = A Ao )" d
RH

1/3
= (/ (AL A+ A7 dx)
Rn

13
< ( / (AL IR+ Ay + A )2 dx)
RVI
13
< ( (1A A Al 1A+ Ap + Ag])>@2 dx>
RVI

3 -
=k (Ea N E) (AL A2 Ay =+ Ag|)Ee—2m/3

n

for 5 < @ < 3 . The last inequality enables us to conclude, in particular, that

when A — 0, g3 (hi, A2) = O(|[A[|*72"73),
when ky — 0, g3 (A1, k2) = O(|[A2]|“"3),

andwhen A — 0, g3 (A, 1) = O(|A]>*~2").

Note that the functions gi (Aq, ..., Ax—) represented by the formula (2.16) as
singular integrals will also appear in the next section in the expressions for higher-
order spectral densities for approximations of rescaled solutions of KPZ equations
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with singular non-Gaussian initial conditions. The functions g; (11, . .., A;—;) and
similar functions had also been used in the description of higher order spectral
densities for approximations of the rescaled solutions of the heat and fractional
heat equations with singular random data in.©) We should note some inaccuracies
which occurred there when evaluating the behavior of these functions. In fact,
Remarks 4, 5 and the second part of Remark 6 concerning the case p > 3 should
be disregarded from the exposition. Instead, the description of the behavior of the
functions g,, 3 in Remarks 4 and 6 for the range ,’:l < k < 7 should be done in
the same manner as for the functions g3 above. We also note a misprint in Remark
6: the factor e=2*/I*I” js missing in the expression for the spectral density Sy 5(1).

Let us now consider the class of non-Gaussian limiting distributions of the
solution to the initial value problem (2.1)—(2.2) in the case where the initial velocity
potential is a y2-field of degree p with long-range dependence described in the
following condition.

B. The initial velocity potential (x) is a random field of the form

p
n(x) = n,(x) = 5 §jsar4 x eR",

where £(x) = (51(x), ..., &,(x)), x € R", is a real measurable homogeneous
isotropic almost surely differentiable vector Gaussian field with E£(x) = 0 and
covariance matrix

EE0)E(x) = (Bij(IxI)1=i,j<p-

with
Bii(lxl) =a(lxl), i=1,...,p,

Bl](”x“)zb(”x”)a l#]a lajzlvapv

and

a(0) = 1,5(0) = po € [0, 1);

a(llxll) = IIxlI7*LAlx D, bUlxl) = pocllxI™*L(lIx]) as |lx]| — 00, pos €
[0,1),« > 0.
Here, the function L(#), ¢t > 0, is slowly varying at infinity and is bounded on each
bounded interval.

Remark 2. Ifthe constant po, = 0, then&;(x), ..., §,(x) are independent copies
of the Gaussian random field &£ (x) satisfying Condition A.
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Note that the random field 7,(x) of Condition B can be represented in the
form

S

np(x)

t\)l’*c

where

12, 12,

=M1+ =Dpol ™2 wp=- =, =[1 - pol”

and¢(x) = (&i(x), ..., {p(x)),x € R”,is a Gaussian vector field with independent
components, E¢(x) = 0 and covariance matrix

EZ(0)¢(x) = (Bi;(Ix))1<i,j<ps
Bi(lIxI) = pilallx 1) + (p — Db (lx ],

Bii(llxIl) = wila(lxl) — b(IxID] i =2, ..., p,

and By (Ixll) = 0,i # /.

C. The spectral densities f;(||1]|), i =1, ..., p of the random fields ¢;(x),
i=1,...,p, exist and are decreasing for |A| > Ao > 0 and continuous at all
A#£ 0.

Let us introduce the quantities

1 / 1 u? 1 &,
O = —— expy —— — texpy—= Y ujtduy...du
0 (27‘[)P/2 RP { 4“ Z Mlz } { 2 Z 1 P
1 112
=TI { } , 2.18)

1 ) 1 u? 1 2
o= |, b= | g - | S

1 5 1 u;
%Z@WL%”M%EZ7}
1L
Xexp{—i E uf}dul...dup,jzl...,p.

i=1

The following theorem was established in.*3
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Theorem 3. Let u(t, x), (t, x) € (0, 00) x R", be a solution of the initial value
problem (2.1)—(2.2) with random initial condition n(x) = n,(x), x € R”", satisfy-
ing Conditions B and Cwitha € (0, n/2). Then the finite-dimensional distributions
of the random fields

g—(1+0)/2
NG

converge weakly, as ¢ —> 0, to the finite-dimensional distributions of the vector
homogeneous (in x) random field

Z,(t,x)= (t/e x/\/—) (t, x) € (0,00) x R",0 < < n/2,

P
0;Y;(t,
Zy(t,x) = ZM, (1, x) €(0,00) x R",0 <& <n/2,  (2.19)
j=1
where Y;(t,x), j =1,...,p, (t,x) € (0,00) x R", are independent copies of the
non-Gaussian random field Z\(t, x) defined by the representation (2.11), and 6,
01, ... 6, are defined by the formulae (2.18).

We then have the following consequence of Theorem 2.

Theorem 4. The random field Z, (t,x) = (2 (t,x). ..., Z(t, x)), (¢, x) €
(0, 00) x R", defined by the representation (2.19) with fixed t > 0 is strictly
stationary in x. Its moments of all orders exist and the corresponding cumulant
spectra can be represented as

p k
9.
f/filk Ao M) = E <_2610> Jion s oo, A,

j=1
where fi, 1, (M, ..., —1), 1 <L <mni=1,...,k k=2,3,..., are given by
the formulae (2.13) and (2.14).

3. KPZ TURBULENCE PROBLEM

The KPZ equation describes an evolution of the profile of a growing interface
(see(19:23:31.60) and the references therein). To introduce the KPZ turbulence prob-
lem, we first consider the following initial-value problem for the heat equation
with external potential ¢:

ah
— = uAh—h- 3.1
o =1 ¢ (3.1

subject to the initial condition

h(0,x) = ho(x) = exp {—nz(—u)} x e R", (3.2)
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where i = h(t,x),t > 0,x e R", ¢ = ¢(x)and u > 0.
Introducing the transformation

¥(t,x)=2ulogh(t,x),t > 0,x e R",

we arrive at the following so-called KPZ equation

oy 1
—— = wAY + S VY —2ue (3.3)
at 2
subject to the initial condition
¥(0,x) = Yo(x) = —n(x), x € R". (3.4)

Thus, for external potential ¢ = 0, we obtain the following solution to the intial-
value problem (3.3)—(3.4):

Ix =y R
t,x)=2upl — wdy |, 3.5
Y6, x) = 2ulog [ [ exp! e P 69

which is naturally called the solution of the KPZ turbulence problem (3.3)—(3.4),
if n(x) is a measurable random field such that the integral (3.5) exists in the
mean-square sense.

For n = 1, the KPZ turbulence problem (3.3)—(3.4) takes the form

S SR WA A
o =Pzt <E> —2u, (3.6)
1//(0’ X) = —Tl(x), (37)

and, by using some results of,!! its solution can be written down for the cases of
a linear external potential

¢(x) =a + bx, (3.8)
and a quadratic external potential
¢(x) =a+bx> b > 0. (3.9)

Indeed, for the linear external potential (3.8), the solution of the KPZ turbulence
problem (3.6)—(3.7) is of the form

2147 5 4
Y(t, x) = —2ut(a + bx) + Tb £ +2ulog

(x —y — but?y? } 1 ) i|
X e — 2 dy|, (3.10
[/R P { 4t NZEra (310
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while for the quadratic external potential (3.9), the corresponding solution is of
the form

/b sinh(Qwt)
1 =n()
* 27/ /b sinh(wt)]l/Ze i dyi|, (3.11)

if both stochastic integrals (3.10) and (3.11) exist in the mean-square sense, and

W(t,x) = —2upat + /jx? tanh(wt) + 2 log |:/ exp {—
R

w = 2./ ub. (3.12)
Note that Batchelor et al.'? have introduced for n = 1 a slightly different
equation:
Y 92y 1/0 \°
— = u— 1+-— 3.13
or ~ M VU ) ) e G-13)

subject to initial condition
¥(0,x) = —n(x), x €R, (3.14)

where v = ¥ (¢,x),t >0, x e R, u > 0,v eR.

The equation (3.13) differs from the standard form of the KPZ equation (3.6)
with the external potential ¢ = 0. The constant velocity term in the equation (3.13)
consists of two components; one arising from lateral growth (v # 0) and the other
from vertical growth (1 # 0). The equation (3.13) describes profile height in the
evolution of smooth stromatolite laminae (with the surface roughness exponent
equal to zero).

The general solution to the initial-value problem (3.13)—(3.14) can be ob-
tained by first using the transform

Y(t,x) = ZTM log A(t, x)

and then using separation of variables.
The general solution to the KPZ type turbulence problem (3.13)—(3.14) is of
the form

— )2 )
Wt ) = 2 log [ /lé exp{—(" Wy) } Wew"@’dy} F Gt oy,
(3.15)

if n(x), x € R is a measurable stochastic process and the stochastic integral in
(3.5) exists in the mean-square sense.

The scaling laws for both random fields (3.5) or (3.15) can be obtained from
the corresponding scaling laws for the heat equation,>*~*37) and Theorem 9 of
Appendix C.
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We now introduce the following condition concerning the initial velocity
potential.

A’. Let n(x),x € R" be a measurable homogeneous and isotropic
Gaussian random field with En(x) =0 and covariance function B,(x) =
cov(n(0), n(x)), x € R”, such that

/ | B,(x)| dx < oo,/ B,(x)dx # 0. (3.16)
]Rn ]Rn

Theorem 5. Lety(t,x),t > 0,x € R" be a KPZ-random field of the form (3.5),
in which an initial potential n(x), x € R" is a random field satisfying one of the
following conditions:

(a) n(x) satisfies condition A'. (b) n(x) satisfies condition A" but instead of
(3.16) its covariance function is of the form

L(llx1)
-

as ||x|| = oo, where the function L is described in (2.8).
(c) n(x) satisfies condition A.
(d) n(x) satisfies conditions B and C. Then, as ¢ — 0, we have the following

By(x) = 0<a<n,

convergence of random fields in the sense of finite-dimensional distributions (i ):
(i) when (a) holds

1
esn? " t x 1 d X1t )
~ A _7 = - 9 x 9
2uen/4 e e au| — 7!
where X(t,x),t > 0,x € R" is the Gaussian random field with zero mean and
covariance function

EX X ronN 2 ”x_x/”2 1 3.17
1(t, )X (¢, x') = o exp s ) | T 7R (3.17)

ol = /R [2:: k_’!ch;(x)] dx,

dk
Hi(u) = (=1 [o@u)] ™ ﬁgp(u) being Hermite polynomials;
u
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(ii) when (b) holds

eu |:w<t x) 1}61)(0)
- 7 N _’_ - - 2 ’x7
DAL (\/Lg) AN 4u | —

where X,(t,x),t > 0,x € R" is Gaussian random field with the following
stochastic integral representation
1 1 ei<x,)~>7/uH)\||2
Xo(t,x) = ——e%? [c(n, a)]1/2/ —————W(@d)),0<a <n, (3.18)
21 oI

and the covariance function

1 ER ei<x7x’,)»>7p.(t+t’)||)LH2
et c(n, o) — dx, (3.19)
4 R A1l
with c(n, o) being given by (2.10) and W(-) the Gaussian complex white noise
random measure;
(iii) when (c) holds

EXo(t, x)Xo(t', x") =

d
i } X3(t,%),0 < o < 2,
nl — 2

12
eZiL(lﬁ»u) |:w <t X ) 1 1
- 7 N _7 - = - - ll/ Og
22 L (\/LE) e /e 1
where X5(t,x),t > 0, x € R" is the non-Gaussian random field with the following

stochastic integral representation

cn, ei<x,A1+A2>—Mt||)»1+7»2||2
rem ], (il -y G2
" - 2

the double stochastic integral | ' is evaluated with respect to complex white
noise Gaussian random measure with the diagonal hyperplanes ., = £\, being
excluded from the domain of integration and

3/2 1/2 1/2
i w w N
C = e e - — = —eW ————.
W=e |:(1+M> (1+M> ] TN
(iv) when (d) holds
0 t d
— [w (—, i) ~2u 10g90:| Xa(t, %)
2ue?/?L (%) e e -

J)
_ Z X;gf)’ *) o< . (3.21)

X5(t,x) =
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where ng)(t, x),j=1,...,p,t >0,x € R", are independent copies of the non-
Gaussian field (3.20) and 6;, j > 0 are defined in (2.18).

Remark 3. The scaling laws for the random field (3.10) can be obtained from
Theorem 5 with » = 1 and the identity

~(t x ubt? / t X
h|-,— + — | = R.(¢, h|l-,——vy|h dy,
(8ﬁ+82) R R G g Lt
where
1 2
h(t,x)= e i
47t
and

3 sztS}/ _or-bu®? ho(y)
h(t,x) =exp{—(a+ bx)t + e =
(t,x) p{ ( A N T

is the solution of the initial-value problem (3.1)—(3.2) with the linear potential
(3.8), and

For instance, under the conditions of Theorem 5,

e&%2 t x wbt? 1 ta  bxt  ub*t
— |y - =+ —— =+ —=—
2uR:(t, x)A;(g) e e g2 4u e eyfe 3

d
Xi(t,x),t >0, xeRi=1,234,
%
where

1
Ai(e) = &'/*, Ay(e) = e*/4LV? (ﬁ) 0<a<l,

As(e) = Au(e) = L (%) 0 <a<1/2. (3.22)

Remark 4. The scaling laws for the random fields (3.11) are more difficult and
will be discussed elsewhere.

Remark 5. The scaling law for the random field (3.15) can be obtained in a
similar manner to Theorem 5 using Theorem 9 (see Appendix C) with g(x) =
27" logx + (u+v)t, g'(x) = Zv—’; In fact, by putting n» = 1 and replacing the term
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[ (L, )= L] by [V (£, 22— (w+v)f — 4M] and the factor 2y in the right
hand side by , we obtain under the conditions of Theorem 5 that

“aa t t 1 d
- [w (— i) —(u+v)—+—] Xi(tx),i =1,2,3,4,
£ N

2ud;(e) e e 4pv
where A4;(¢) are described in (3.22).

The second-order and higher-order spectral densities can now be obtained
from Theorem 5 and the results of.©®) Indeed, the second-order spectral density of
the Gaussian field X (¢, x) is of the form

2

@my
where o2 is defined in (3.17), while the second-order spectral density of the
Gaussian field X, (¢, x) is of the form

fia(W) = exp{—[IAl*2ut}, A € R”,

1 i =21t Al
fz,z()»)= e (n, o) ”M|na,0<a<n,keR".
The second-order spectral density of the non-Gaussian random field X3(¢, x) is of
the form

2 —2put||Al?
c“(n,a e
( )k(a) i
IAf" =

k(o) being given by (2.15), while the third-order spectral densities of the non-
Gaussian random field X3(¢, x) is of the form

fi2(0) = C2(n) L 0<a< g AeR',  (3.23)

f3(M1, A) = A (n, )C() (3.24)
x sym [exp {— et (1M 117 + 12207 + A1 + 2201} g5(A1, 22)]
AlsA2, A3 A +A+A3=0
where
g3(h1, A2) = dz L 0<a <o, A eR
e (121 + A2 + 2] 1Az + 2| 2]y~ 2

The function g3(X;, Az) is homogeneous of order H = 3« — 2n, that is,
g3 (thy, thy) = tHg3 (X1, A2), and its Fourier transform is given by

r@? Y e
m) el el ey = a0~ . (3.25)

The asymptotic behavior of the functions g3 (A1, A7) as A; — 0 is described in
Remark 1 in Sec. 2.
The corresponding trispectra are more complicated. We are able to obtain

&, 0)= (ﬂ;_a
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Theorem 6. The random field X5 (t,x), t > 0, x € R", with fixed t > 0 is
strictly stationary in x of the fourth order with E | X3 (t, x)|* < 0o and its trispec-
tra f3.4 (A1, A2, A3) can be expressed as

fra (A1, A2, A3) = 3¢t (n, @) CH(1)

2

3 3
X sym exp § —ut Z 012 + Zki ga(h1, A2, 23) |
{M220s. 0080 3 =0} i=1 i=1
where
ga (A1, Ap, A3) = A1 + Az + A3
Rn

+ el A A Ao A T A+ T T d e (3.26)

In general, the spectral densities of an arbitrary order p for the field X3 (¢, x)
are presented in the next theorem.

Theorem 7. The random field X;(t,x), t > 0, x € R", defined by the rep-
resentation (3.20) for fixed t > 0, is strictly stationary in x of order p with

E | X3 (t, x)|” < oo. Its spectral densities of order p, f3 (Al, cee, )\p,l) , can be
represented in the form
fip (s eeihpm) =P (n,a) CP()27" (p — 1)! (3.27)
_ _ 2
« sym [e—ut(zfllllkfl|2+|| =2 H )gp()m o )Lp_l)il ,
{A1sepi Dl 2=0}
where
di
gp(kl,...,kp,l)zf P — (3.28)
R (IAHIA A+ Al A+ 2250 40D

It remains to describe the spectral densities of the field Xy (¢, x), which
appears in the case (iv) of Theorem 5. This is done in the next theorem.

Theorem 8. The random field X4(t,x), t > 0, x € R", defined by the repre-
sentation in the right hand side of the formula (3.21) for fixed t > 0 is strictly
stationary in x. Its moments of all orders exist and the corresponding spectral
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densities of order k > 2 can be represented as

» k
0,

Jak (A, o, Ajmr) = Z <§) S, o Am),
o

j=1

where f3 1 (M1, ..., Ai—1) are given by the formulae (3.27).

4. PROOFS

Proof. [Proof of Theorem 2]:
(a) We have

4

C Z(l) t, ,Z(k) t,
ov(l(x) 1()c—i-y)) (1+ )2

(¢ (n, @)

ei(y.xl+xz)—2muxl+xz||2 )»(l)—}-)ﬂ) )\(k)+k(k)
X/ (1 2)(1 2)d)\.1d)\.2.
R2n

(Al a2
The change of variables A; = 1| — A}, X, = 1} yields A; + X, = A and

drid);y

/ ei(y,)nl+)nz)72ut||)n|+)~2||2()\(11) +)“(21))()\‘(1k) +)L(2k))
R Al 2D

—2utlA 12y D4 (K)
R xr = 220l Az )"

_ / ) (e—zmw NOXG di n_a> ax
g re (1A = 220112211

From the Riesz composition formula (see Appendix A) we have
dhy
re (I = Azl 220"

From the above formulae it follows that the spectral densities of second order are
given by

= k(o) IA]**".

phe? (n, o)

k(a)e—2/ttHAH2 A ||2a—n)h(l))\(k).
I+ w3

Jie(h) =

(b) Using the diagram formula (see Appendix B), the p-th cumulant can be
written as

2;
cum (Zgll)(t,xl), ZEIZ)(t,xz), e Zgl")( ,xp)) (ll:— c(n, 0()) Z hy,
yel‘f

4.1)
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where I') is the set of all complete closed diagrams y with p levels over vertices
(n1,...,np)=(2,...,2), all diagrams y € F; are “circular”, that is, the
vertices (1, 1), (1,2), (2,1),(2,2),...,(p, 1), (p,2) can be ordered as (1, 1),
(1, 2), (2, 13), (2, i4), ..., (Wp,i2p—1), (7Wp,i2p) with (1,2) connected to
(72, i3) by an edge in y, (7, izx) connected to (wyt1, ikt+1), k=2,..., p—1
and (7, i»,) connected to (1, 1), and

(Uny) (Ixp)
h, = f RO, A (Mo, 23) bl (W, A1)
Rnp

[ T218 + Adi .. dry,

el rirtha)—utlh bl (30 g 3 Oy
(Il Az =2

(72, ..., mp) being a permutation of (2, ..., p). The number of all circular dia-
grams is ’F;’ =27~ (p — 1)!. Hence there are 27~ (p — 1) terms in the sum on
the right-hand side of (4.1). The typical term to estimate is

D (A, 20) =

)

1
fR D (=h1, 20) B (=, ) . 1Y)
np
X(=Ap, A)dAy .. dhy = cp(x1, ... xp).
We have
— ‘(XlJ»z—)»l)+(X2,>»3—>»2)+...+(x J=hp)
cylxy,...x,) = e p p
o) = [
et =h P+las = P4+ =, || )
(S0 [ P )

< (A a6 3B 0 =3 )an, L da,.

Noting that (X1, 2 = A+ (x2, A3 = A2) + ...+ (xp, Ay — Ap) = (¥ —
Xp, )»2 - )\.1) —|—()C2 — Xp, )\.3 — )\.2) + ...+ (xp—l — Xp, )"p — )‘p—l)a the change of
variables Ay — Ar—1 = AL, k=2,..., pand A; = A] yields

Cp (x1 - .xp) = f ei((“VI_XP’A2)+(’CZ_xp’)‘3)+---+("p4—"p’)‘:’))
R(p—n

x {ew(wm2+---+Hxﬂn2+nzfzmlz)xglug% o (B

x / il — } dhry...d,.
B (I 1A+ 2l A+ 22+ o+ 2, )
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Hence, the p-th order spectral density of the process Z; (¢, x) is given by the
following formula:

/_in P
ﬁl...lp ()"11 ey )\'pfl) = ((l T M)) Cp (n, Ol)2p(p — 1)

p—1 p—1
x sym }I€Xp{—Mt(2|lkillz+llzkillz)}
i=1 i=1

{Aiseedpi Bl 2 =0

p—1
Ip-
xxfﬂxgﬁ...xgi;)<j£:xf”>

i=1

dxr

<
"QMMM+ANHWA+E£

n—o
1)”_ )

Proof. [Proof of Theorem 4]: Theorem 4 follows as a consequence of Theorem
2 and the following properties of cumulants:

) cum{a1 X1, ...,a,X,} = ay....a,cum{X,, ..., X,}forconstants ay, ..., a;
(ii) if the random vectors (X1, ..., X)) and (Y1, ..., Y,) are statistically inde-
pendent, then

cum{X1+7Yy,.... X, + Y} = cum{Xy, ..., X,} +cum{Yy, ..., V,}.

The proofs of the theorems of Sec. 3 can be obtained analogously, with the
use of the same technique as above (see also Anh ef al. 2003), hence will be
omitted.

APPENDIX A: RIESZ'S COMPOSITION FORMULA

The following statement is known as Riesz’s composition formula:
Suppose that 0 <o < n, 0 < B <n, 0 <a+ B < n, then

lx —zI1*™" |z = yIIF " dz = k(a, B) Ix — y[|*F~",
Rn

where
PRCLONGS
k(a,ﬁ)_nﬂr(n < )F(#) (A.1)

(see®V, p. 71).
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APPENDIX B: CUMULANTS OF MULTIPLE STOCHASTIC INTEGRALS

This Appendix is based on.(2%-22:37:58)

One of the basic tools for evaluating products of multiple stochastic Wiener-
It6 integrals and their moments is the diagram formula. It originates from the
diagram formula for the products of Hermite polynomials of Gaussian random
variables. We prepare here the formula for evaluating the cumulants of multiple
stochastic integrals which is a consequence of the diagram formula.

We first introduce some notations and definitions.

Let my,...,m, be given positive integers. An undirected graph I with
my + ...+ m, = M vertices is called a diagram of order (my, ..., m,) if

a) the set of vertices V' of the graph I' is of the form

V={11D,...,(0,m),2,1),...,2,m2),....(p, 1), ....(p,mp)}

P
=Jw;. (B.1)
j=1

where
Wy ={(G,D:1 <1 <mj}

is the j-th level of the graph I', 1 < j < p;

b) each vertex is at most of degree 1, that is, met by at most one edge;

c) if vertices (j1, i1) and (j,, i») are joined by an edge w = ((j1, i1), (j2, 12)),
then j; # j», that is, the edges of the graph I can connect only different levels.

LetI'(m;, ..., m,) denote the set of diagrams of order (m, ..., m,). Denote
by K(y)the set of edges of a diagram y € I'(m, ..., m,). With each element
v € V, we can associate an integer denoting the position at which v appears in
the list (B.1). Thus the position of (1, 1) is 1, the positions of (1, 2) is 2 and so
on. The position of the last vertex (p, m ) is M. Each edge w = ((ji1, i1) , (j2, i2))
€ K (y) can also be thought of as w = (k, ky), where k; is the position of the
vertex (1, i1) and k; is the position of the vertex (j,, i) in the list (B.1). A diagram
y is called complete if each of its vertices is met by an edge, that is, there exist no
isolated vertices. In such a case, the number of edges in y is | (y)| = M/2. A
diagram is called closed if the set of'its levels {W;, j = 1, ..., p} cannot be split
into two subsets connected by no edge.

Leth; € L,(R"),i =1,..., p, and define

p
RO ) = [ TG s 2,

i=1
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where M; =mi+...+m;, i =1,2,..., p, My =0and M, = M. The follow-
ing formula is used in the proof of Theorem 2:

m

cum (/ hl(kl,...,kml)nW(dAi),
R i=1

/ hp(kl,...,kmp)nW(dAi))
R i=I

= > / hOaaa) ] 80w +4)drg}. (B2)
)]RHM/Z

yel"“(ml,...,mp (ki,k,)ElC(y)

where the sum is taken over all complete closed diagrams y of order
(ml, ey m,,) , K (y) is the set of edges of the diagrams y, and § (-) is the Kro-
necker delta function.

APPENDIX C: DELTA METHOD

The following statement can be proved similarly to Serfling,*¥ pp. 122-123
(see also,5? pp. 262-263 for a new proof of this result by using the Skorokhod
theorem for limiting normal law. The proof does not depend on the limiting random
variable).

Theorem 9. Let h(t,x),t > 0,x € R" be a spatiotemporal random field such
that for some real function m(t, x) and some function A, we have the following
convergence of finite-dimensional distributions:

1 t x d Ut x)
—|ul-,— ) —m , X
A, e e —
as e — 0, where U(t, x),t > 0,x € R”" is a spatiotemporal random field.

Then for any real-valued function g(u), u € R! differentiable at u = m, with
g'(m) # 0, m € R, the following convergence of finite-dimensional distributions

holds true:
! d
1g/(m)] 4. [g (” (é %)) —g(m)} U

as e — 0.
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